^ 



Fumio Hiroshima 



Ultraviolet Renormalization of the Nelson Hamiltonian 
through Functional Integration 

Massimiliano Gubinelli 

Cn ; CEREMADE - UMR 7534, Universite Paris-Dauphine 

Place du Marechal De Lattre De Tassigny, 75775 Paris cedex 16, France 
^^ ■ massimiliano .gubinelliOceremade .dauphine. fr 

(N 

•^r ' Faculty of Mathematics, Kyushu University 

\ 744 Motooka, Fukuoka, 819-0395, Japan 

\l . hiroshima@math.kyushu-u.ac.jp 

"^3^ ' Jozscf Lorinczi 

r^ ; 

C^hI School of Mathematics, Loughborough University 
i . Loughborough LEll 3TU, United Kingdom, 

'"pi ' J.Lorinczi@lboro.ac.uk 

a 



^ , Abstract 

CN ■ 

vQ I Starting from the iV-particle Nelson Hamiltonian defined by imposing an ultraviolet 

\^ I cutoff, wc perform ultraviolet renormalization by showing that in the zero cutoff limit 

^O ' a self-adjoint operator exists after a logarithmically divergent term is subtracted from 

tH- I the original Hamiltonian. Wc obtain this term as the diagonal part of a pair inter- 

f^ I action appearing in the density of a Gibbs measure derived from the Feynman-Kac 

CO I representation of the Hamiltonian. Also, we show existence of a weak coupling limit 

of the renormalized Hamiltonian and derive an effective Yukawa interaction potential 

between the particles. 
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1 Introduction 

In this paper we consider the A^-particle Nelson model, which describes the interaction of 
A^ electrically charged spinless particles with a scalar boson field. In Fock space represen- 
tation the model can be given by the Hamiltonian 

H = Hp(^t + l(^Hi + Hi (1.1) 

acting on 

where L^(M^^) is the particle space and ^ denotes the symmetric Fock space over L^(M^) 
describing the bosons. Recah that ^ = 0^=0^^"''' where ^("^ = (^^y^L^{R^) is the n- 
boson subspace and J^^^' = C (where the subscript indicates symmetrized tensor product), 
for which the infinite direct sum norm ||-F||^ = Yl'^=o ll/nll^(n) i^ finite. We denote the 
Fock vacuum by Ijr = 1©0®0©... G ^, and write simply 1 when no confusion arises. 
The components of the A^-particle Nelson Hamiltonian are as follows. The A^-particle 
Schrodinger operator 

1 ^ 

i=i 

is the Hamiltonian of the free particles with an external potential V : M. — )• M, which acts 
as a multiplication operator, and where Aj = A^ denotes the 3-dimensional Laplacian. 

Let a*{f) and a(/), / G L^(R^), be the boson creation and annihilation operators, 
respectively, satisfying the canonical commutation relations [a{f),a*{g)] = {f,g) and 
[a{f),a{g)] = = [a*{f),a*{g)]. We formally denote a«(/) = J^,J{k)f{k)dk, where 
a" stands for a or a*. Denote by uj{k) the dispersion relation, which we will choose in 
the main part of the paper to be co{k) = \k\, describing massless bosons. The free field 
Hamiltonian H{ of ^ is then defined by the second quantization of uj, i.e.. 



n 



H{'[[a*ifj)l = Y,'^*ifi)---a*iojfj)---a*ifn)l and i^fl = 1, 

formally expressed as 

Hf= I uj{k)a*{k)a{k)dk. 

The interaction Hamiltonian is formally defined by 

N » 

^i(^) =9Y. ^Tttt (^(^)e*'-"^«(^) + ^(-A;)e-'=-^a*(A;)) dk (1.2) 



i=i 



for every x G M^A^^ ^g ^^^ke the identification Jf ^ L'^{M?^;^), i.e., F G JT will be 
regarded as a function M?^ 3 x ^^ F{x) G ^ such that J^^m \\F{x)\\'i^dx < oo. Under 
this identification the interaction Hamiltonian becomes {HiF){x) = Hi[x)F{x) on M'. 
The function 93 (featured in its Fourier transform (p) is a function describing a charge 
distribution so that the total charge is jj^a ip{x)dx = 1. In the Hamiltonian it has a 



regularising role, making the operator well defined, and physically it has the meaning of 
an ultraviolet (UV) cutoff. The prefactor g is a coupling constant between the particles 
and the field. 

Under the assumptions 

(pju^l'^, ^/w G l2(m3), ^(AO = (p{-k) (1.3) 

the interaction Hi is well defined, symmetric and infinitesimally l^i^f-bounded. Thus by 
the Kato-Rellich theorem f/^ is a self-adjoint operator on the domain D{Ji^®'^V\D(\®IIi). 
If, moreover, an infrared (IR) cutoff is imposed by the condition 

(plJ"!^ G L^i^^), (1.4) 

then H has a unique ground state |Spo98[ IBFS981 iGerOOl [XraOH ISasOS] . i.e., an eigenfunc- 
tion ^ G ^ at the bottom of its spectrum. As it was shown in |LMS021 IDG041 IHirOGj . 
condition (jl.4p is also necessary for a ground state to exist in this space. 

In this paper we are interested in an appropriate definition of H in the point charge 
limit, i.e., when (^(x) — t- (27r)'^'^(5(x) or, equivalently, ^(fc) — )• 1. This is a physically 
interesting but mathematically singular case, when condition (jl.3p fails to hold. In order 
to analyse this limit, we regularise the Hamiltonian by choosing the UV cutoff function 
(pe{k) = e~^\^\ /^. With this choice in (|1.2p we define the Hamiltonian H^, and by regarding 
e > as a UV cutoff parameter we will analyse the limit of -ff^ — Eg, as e J, 0, where E^ is 
an energy renormalization term, which will be determined below. 

The main results of this paper are as follows. 

(1) By using functional integration we derive the energy renormalization term E^ from 
the diagonal part of a pair interaction, and show the existence of the renormalized 
Hamiltonian H^^n = ^vca.{Hf, — E^) in the sense of strong convergence of the related 

e4,0 
semigroups. 

(2) We derive the pair interaction potential in the Boltzmann-Gibbs density of the path 
measure associated with Hj-cn- 

(3) We show existence of the weak coupling limit of e~ ''™ and compare it with that of 
the Nelson model with UV cutoff. 

Here are some comments to these points. 

(1) The first part of this problem was already investigated in |Nel64aj by using Gross 
transform. This is a unitary transform implemented by e^'^-^^' with the generator 

^ r 1 1 

^7|fc|>A ^/2^u;{k) + \k\^/2 

(1.5) 
Here A > is introduced for tTe to be well defined. Nelson has shown that the Gross 
transformed operator e^'^'^^^'^H^ — E^)e~^'^''^^' converges to a self-adjoint operator in norm 
resolvent sense as e J, 0, and e*'^"^^^ — >• e*'^"^^^ in strong sense. 



In contrast to this approach, in the fohowing we present a UV renormahzation by 
using path measure methods. Nelson did consider a path integral approach jNel64b] . 
however, this remained incomplete since the approach based on Gross transform may 
have appeared simpler and satisfactory for the purposes of his investigation. Taking the 
Gross transformation ol H^ — E^, a cancellation of diverging terms occurs and the limit 
e 4, can be analysed to define a UV renormalised Hamiltonian. However, in this paper 
we do not take Gross transform and derive E^ from the diagonal part of the pair potential 
associated with a Gibbs measure instead. 

Following our previous work on the one-particle Nelson model |LMS021 IBHLMS02| 
we find it worthwhile to analyse this problem by using functional integration not just for 
the extra insights it gives (applicable also to other cases, e.g., UV renormahzation of the 
Nelson model with variable coefficients |GHPS12] ). but also because this approach allows 
to prove existence of a ground state of the UV renormalized Hamiltonian. As far as we are 
aware, the existence of a ground state of i/ren was shown for sufficiently weak couplings 
only |HHS05j . This problem is another illustration of the fact that direct analytic and 
path integral methods complement each other, and both have specific advantages. 

A key point in this paper is to show that 

lim(/ (g) 1, e'^'^^'-^''^ g (g) 1) (1.6) 

£4-0 

can be expressed in terms of a path measure representation (Lemma 12. 161 below) . and 

H,-Ee>C (1.7) 

holds with a constant C, uniformly in e > (Corollary I2.2ip . Although these were 
established by operator analysis methods in |Nel64a] by using the Gross transform, we 
derive them directly by using Feynman-Kac type formulae for H^ — E^, so our strategy is 
completely different from Nelson's. 

(2) By constructing a functional integral representation of the Nelson Hamiltonian with 
UV cutoff and integrating out the field part, an expression is obtained in terms of an 
expectation with respect to Wiener measure on Brownian paths under V and a pair inter- 
action potential W (see Chapter 6 in [LHBll] ). Using this as a density, the path measure 
can be seen as a Gibbs measure on paths. The pair interaction has the form 



ds dtW{Bt- Bs,t- s), {l.i 

J-T J-T 



where W depends on the UV cutoff |BHLMS02j . On the other hand, a similar construc- 
tion for the Pauli-Fierz model in non-relativistic quantum electrodynamics yields a Gibbs 
measure with pair interaction formally given by |Spo87[ IBH09] 

/ dB^ I dB'^W^4Bt-B„t-s). (1.9) 

J^T J-T 

It is remarkable that the double Riemann integral in (II. 8p is replaced by a double stochastic 
integral. In this paper we will consider the finite volume Gibbs measure associated with 



the Nelson model without UV cutoff and obtain that the exponent in the Boltzniann-Gibbs 
density has the form (Corollary I2.23P 

f ds f dBtW{Bt-Bs,t-s)+ f dsW{BT - Bs,T - s). (1.10) 

J —T Js J —T 

It is interesting to see that the Gibbs measure without a UV cutoff has the intermediate 
form of ([THD and ([0 



(3) Finally we consider the weak coupling limit, which is a scaling limit such that the 
creation operators a* and the annihilation operators a are scaled to na and ko*, respec- 
tively, with a scaling parameter k > 0. When e > 0, the scaled Nelson Hamiltonian H^{k) 
converges in the limit k — ?• oo to a Schrodinger operator with an effective potential, and 
furthermore it converges to a Schrodinger operator with Yukawa potential when in a sub- 
sequent limit £ ^0. We are interested in obtaining the weak coupling limit of Hj-c^{k,) and 
comparing it with that of the UV-regularized Hamiltonian (Corollarv lS.Sp . 

We note that in this paper the space dimension is fixed to the physical d = 3, however, 
our arguments can be carried out for any other dimension in a similar way. We will 
see that the energy renormalization term behaves like E^ ^ — J^ e~^^ r'^~^dr. When 
d = 1 or d = 2, there is no need for an energy renormalization, and when d > 3, energy 
renormalization becomes important to deal with the UV divergences in the e ^ limit. 
Also, it will be seen that our arguments do not need the assumption of a pinning external 
potential, in fact, we do not need any. However, we keep a y in our formulae with the 
understanding that the results are valid also for V = 0. 

The plan of this paper is as follows. In the main Section 2 we perform renormalization 
on the level of the density of the Gibbs measure, determine the pair interaction potential, 
and prove existence of a UV renormalized Hamilton operator. In Section 3 we study a 
weak coupling limit of the renormalized Hamiltonian and derive an effective interaction 
potential between the particles. 

2 Energy renormalization by path measures 

2.1 Functional integral representation of the regularized Hamiltonian 

First we define the version of the Nelson model which will be the main object studied in 
this paper. We choose uj{k) = \k\. Let 

^^^^^ - \ 0, uj{k) > A 

and Ia(^) = 1 — 'i^Aik). We assume that A > 0, which is needed in (I2.29p . Lemma [2^ 
and Corollary 12.211 below. For simplicity we will use the following standing assumption 
throughout below. 



Assumption 2.1 The external potential V is a bounded continuous function. In partic- 
ular, it is of Kato- class, i.e., it satisfies 



lim sup E^ 



t 
\V{Bs)\ds 





0. (2.1) 



Note that in what follows y = is a possible choice without changing the statements. 
We summarize some properties of Kato-class potentials in Appendix [A] for the reader's 
convenience; they will be used below on some objects which take the role of a potential. 
Consider the cutoff function 

lpe{^)=e-'\''\"/Hi{k), e>0 (2.2) 

and define the regularized Hamiltonian 

He = Hp^t+l(g,Hf + Hf, e>0, (2.3) 

by 

N 
Hf{^) =9Y. ^TttT (<?.(fc)e*'-"^«(^) + <?.(-fc)e"*-^a*(A;)) dk. (2.4) 

Here e > is regarded as the UV cutoff parameter. The main purpose of this paper is 
to consider the limit e J, of Hf,. We show that this limit can be sensibly defined by an 
energy renormalization. Define 

E, = -^-N ^^^{k)ti{k)dk, (2.5) 

where 

Notice that £'e — )• — oo as e J, 0. 

Our main theorem states that H;, — E^ converges in the e J, limit to a non-trivial 
self-adjoint operator .ffrcn in ^ specific sense, which we call the UV renormalized Nelson 
Hamiltonian. 

Theorem 2.2 There exists a self-adjoint operator H^cn such that 

s-lime"*(^="-^^) = e"*^'^'^", t > 0. (2.7) 

£4-0 

We carry out the proof by functional integration and will obtain E'g as the diagonal term 
of a pair interaction potential on the paths of a Brownian motion. 

Let (-Bt)teK = {B^, ...,B[^)t(zR, where (S^)i6R, j = 1,...,N, are N independent, two- 
sided, M^-valued standard Brownian motions on the space of continuous paths indexed by 
the whole real line, endowed with Wiener measure. We denote by E^[- • • ] expectation with 
respect to the Wiener measure starting from x at t = 0. It is known that a Feynman-Kac 
formula holds for {F,e~^ ^G), see [LHBIH Theorem 6.3], given in terms of a two-sided 
Brownian motion. In particular, for F = / (8) 1 and G = /i (8) 1 we have the following 
representation. 
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Proposition 2.3 Let f^h^L'^ 



Then it follows that 



(/(^l,e"^'^-'/i(^l) = / dxW 



where 






Se=y2 ds dtW,{Bl-Bi,t-s) 



is the pair interaction given by the pair interaction potential 

1 _=■!£- 



Wsix,t) 



R3 2a;(A;) 



ifc.Xg-a;(fc)|t|j±(^^^^^ 



(2.8) 



(2.9) 



2.2 Renormalized action 



In this section we perform UV renormalization on the level of the density of the path 
measure. Consider the function 



(Pe{x,t) = 

where f3{k) is given by (j2.6p . 



-e\k\^ p—ik-x—Lo(k)\t\ 



2uj{k) 



-fi{k)ti{k)dk, e > 0, 



(2.10) 



Proposition 2.4 There exists a functional Sf,^^ such that 



limE^ 
£4,0 



' J_j,V{Bs)ds ^-(Se-4.NT^,{0,0)) 



^x 



■!^TyiB,)ds a_s-^ 



(2.11) 



Notice that We{x,t) is smooth, and We{x,t) — )• WQ{x,t) as e | for every (x,t) / (0,0), 
where 

^o{x,t)= I -l-e-'=-e-'^(^)l*lli(A:)dL (2.12) 

Jr3 2u{k) 

It is seen, however, that 1^^(0,0) — )• oo as e | 0, i.e., WQ{x,t) has a power-like singularity 
at (0,0), thus (j2.1ip is non-trivial to obtain. We will prove the above proposition through 
a sequence of lemmas below. 

From now on we fix T > 0. As e J, only the diagonal part of the interaction has a 
singular term. Also, fix < r < T and denote [t\T = —T y t AT. We decompose the 
regularized interaction into diagonal and off-diagonal parts as 



S, = S? + S?^, 



where 



and 



N T I- 



T r[s+T\T 

ds I dtWe{Bl-Bl,t-s) 



s: 



OD 



TV „T ..T 

2 V / ds dtWe{Bi-Bi,t-s). 

ij=lJ-T JIs+t]t 



(2.13) 
(2.14) 

(2.15) 
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S^ denotes the integral of S^ in the neighborhood of the diagonal {{t,t) G M?\\t\ < T}, 
and S^ on its complement. Notice that for r = T we have S^ = 0. The next lemma is 
easy to prove and we omit the details. 

Lemma 2.5 It follows pathwise that linig^o S^ = Sq , where Sq is S^ with e = 0. 

A representation in terms of a stochastic integral will help us deal with the more 
difficult term S^. In the following lemma first we derive some bounds on ip^^x^t) and its 
gradient. 

Lemma 2.6 There exists a constant c > such that the hounds 

iV(^e(x,i)i <c|t^^ t/o 

\Vife{x,t)\ < C\x\^^, \x\ / 

hold uniformly in e. Furthermore, similar bounds hold for the function ipQ — (^^ with a 
constant Cg > such that limE^^oCj = 0, i.e., 

|V(^,(x, t) - V(^o(x, t)\ < c,\t\-\ t / 0, 

\V(Pe{x,t) - Vipo{x,t)\ < Cs\x\~'^, \x\ / 0. 

Proof. The first bound on the gradient follows directly by 

Next consider the second. After integration over the angular variables we obtain 

/■«= e-'^'^'-'^l*lsin(rb|) , 
^eix,t)=2n ^' dr. 2.16 

Ja r(2 + r) \x\ 

Differentiation in (|2.16|) gives 

Vips{x,t) = —pr .^1 I , — ^ — (r cos r- sin r)dr, (2.17) 

fI J a r[2\x\ + r) 

and estimating the right-hand side we have 

/■I (Jj.3 rco g-er2/|xp-|t|r/|x| /-oo ^ 

|V(^e(x,t)| < / -^^dr+ / — cosrdr + / -^dr 

Jo ^ Ji (2|x|+r) Ji H 

using that jrcosr — sinr| < Cr^, for a constant C > and all r G [0, 1]. Since the integral 
in the middle term above is bounded, the lemma follows. D 

Lemma 2.7 If e > 0, then the expression 

S^ = 2Y,[ MBl-BlO)ds-2Y, [ MBl^^^^-Bl[s + T]T-s)ds 

^ l-T r[s+T]T 

+ 2Ey ^^y VMBl-Bi,t-s)-dBl (2.18) 



holds. 



Proof. Notice that ip£{x,t) solves the equation 

dt + ^A\ipe{x,t) = -We{x,t), x£R^ t>0. (2.19) 

Fix i and j. Then the Ito formula yields that 

MBl^r]r - Bl [s + t]t -s)- MBl - Bi,0) 

r[s+T]T r[s+T]T / 1 \ 

= J V^e{Bl-Blt-s)-dBl + j idt + -AUe{Bl-Bi,t-s)dt. (2.20) 

Hence by (|2T9]) 

/[s+t]t 
We{Bl-Bi,t-s)dt 

= ip,{Bl - Bi,0) - MBl^,]^ - Bi, [s + r]T-s) + J '^" " V^Bl - B^t - s) ■ dBl 

(2.21) 

follows. Inserting this expression into S^ proves the claim. D 

Lemma [221 suggests the definition 

5^^'^ = 5e-4iVr(^^(0,0), e>0 (2.22) 

as a renormalized action. This can be expressed as 

^ren ^ ^OD ^Xe + Ye + Z^ (2.23) 



where 



N ..rp 



X, = 2^/ ^,{B\-Bl^)ds, (2.24) 

^ fT r[s+T]T 

y, = 2 V / ds V^,{Bi - Bit - s) ■ dBl 



(2.25) 



Z, = -2Y, I ^e{Bl+r]r - Bi, [s + r]T - s)ds. (2.26) 

Lemma 2.8 There exist constants Cz and Cs such that |Ze| < CzT and \S^ \ < CsT'^, 
uniformly in the paths and e > 0. 



Proof. We see that 



■T-T i-oo ~TT r-T r-oo ~r{T~s) 



ZA < AttN^ / ds -dr+ / ds / —dr < c^T 



-T J A 1 + ^/2 Jr^r J A 1 + ^/2 J 

with some Cz > 0. The bound jSg | < c^T'^ is derived similarly. D 



Lemma 2.9 It follows that sup E'^[|Xe|] < oo, for all e > 0. 

zeM3 



Proof. We notice that 



N I.T 



X, = Y, ds 



i¥=j 



2tt 



oo sm\ rlBl — Bi 



T \Bi-Bi\JA r + r2/2 



Hence 



N „r 






27r 



1^1 -5^1 



-e"^^ dr, e > 0. 



dr. 



r + r'^/2 



The assumption A > imphes 



+ r2/2 



dr < oo. 



(2.27) 



(2.28) 



(2.29) 



Since X^j^,- |x* — x-'l ^ is a Kato-class potential on L'^iM.^^) (see Appendix |A]), we have 



supE^ 
Thus ()2.28p is finite and the lemma follows. 



TV .T 






ds 



T \Bi-Bi\ 



< oo. 



n 



Lemma 2.10 It follows that sup E^[|y£|] < oo for alle > 0, andlim sup E^dFe-lol] = 0. 

Proof. By the Fubini theorem the stochastic and Lebesgue integrals can be interchanged, 
thus Y^ has the representation 



^- = 2 E / / ^^-(^* -Bi,t- s)ds ■ dBl 

This is a well-defined random variable for every e > 0. The Ito isometry gives 

E^lK-ynl'^ 



(2.30) 



N 



= 4V/ E" V/ 

<4c,Vivy Teo f r 



{Vife - V^o)iBl - Bi + X* - x^ t - s)ds 



\Bi - Bi + x' - x^'r^lt - sr^^^'^Us 



dt 



dt, 



where we used Lemma 12.61 and an interpolation to obtain the bound 

\Vips{x,t)-Vipo{x,t)\ <Ce\x\-^\t\-'^^''^\ 9e [0,1]. 



(2.31) 
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Here c^ — )• as e ^ 0. With some 2 < ^ < Ij the Schwarz inequality applied to the latter 
integral gives 



E"[|y,-yor] 

N „T 






\Bi - Bi + x' - xn\-^^ ds 



It _ s|-2(l-^)cis dt 



[t-r]T 



Bl+x^ -x^\-'^^]ds\ dt. 



(2.32) 



Write X* — x-' = X. Then we can compute as 

cT 

-26l„ 



dt I \u — V + X\ pt{u)ps{v)dudv < j dt j \u\ pt+siu — X)du 



1 1 



rdu. 



\u - X\ luP" 
Since {x]'^'^ G LP{R^) + L°°{R^) for p > 3/2, the potential Ixj^^e jg Kato-class. Thus 

du < 00, 



sup 



XI kpe 



see also Appendix|Xl Hence sup^gjgs f_rp dt T, , dsK^[\Bl — Bl\ ^^] < 00 follows. There- 
fore we obtain that 

supE"[|y,-yo|']^0 (2.33) 



as e 4, by (j2.32p and the fact that Cg — > as e 4, 0. Moreover, sup^jgjgs E^lly^l] < 00 
follows from the inequality 



N „T 



i =1 J-T J[t-r]T 



'■[\Bi-Bi + x'-x^\-^'^]ds. 



D 



For x = (x\...,x^) G R^^ define 

^ r2T f-T 



^OD.T^^) = 2 J^ / ds / We{Bl -Bi,t- s)dt, 

Xj(x) = 2V / (/.,(i?:-i?f+x*-x^O)ds, 
. -■_, Jo 



«,i=i ' 



Yj{x) = 2 J^ / ds VipeiBl -Bi+x'-x^,t-s)- dBl, 



«j=i 



N r2T 



I'll 
Zj{x) = -2Y, MBl+r]r -Bi+x^-x^,[s + t]t - s)ds. 
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Lemma 2.11 Let a G M. Then there exists a constant cif{a) > 0, independent of e >0, 
such that 

sup EO[e"^-^(^)] < ct/(a), e > 0, U = S^^,X,Y,Z. (2.34) 



Proof. Let U = X. By the inequality |Xj(x)| < C Yl^^j Jo^ \Bi - Bi\ ^ds and the fact 
that X]j-^o |x* — x-'l is a Kato-class potential, we see that 



sup 



E°[e"^-^(^)] 



< sup E^ 



MT.7,,^,I^^\Bl-Bi\-^c 



< oo. 



(2.35) 



Take U = Y, and let $j = $j(x) = ($1, . . . , $f ) and 



N r-t 

^\ = ^\[x) = 2 y / V^e{Bi - Bi + x'-x^,t- s)ds. 



Thus Y^(x) has the representation 



2T 



¥/ (x) = / <^fdBt. 



Using the Girsanov theorem, we obtain E*^ 
bound 



^2af;^^'S>fdBt-^(2afj;^^\>S>t\^dt 



(2.36) 
1 and the 



E^ 



,aYT{x) 



< E° 

= eO 



r2T 



e 
e^" JO 



2a /o^^ $,.dB,_i(2a)2/- \-S>t\^dt 



w- 



g2a2/ri**P^* 



2aVo'^l*t|''i* 



In a similar way to (|2.3ip we have 

r-2T 






where c is the constant in Lemma 12.61 which is independent of e, 

^ r2T /-[s+tIt 



Q{x) = V / ds / l^i -Bl+x' - x^|-2^dt 



and we recall that we have chosen 2 < ^ < 1- Thus we have 



E' 



,ayj(x) 



<E' 



^iQ(^) 



where 7 = ScVNa t . The Jensen inequality gives 

'^^ ds 



K 



^iQ{^) 



/o 2T 



2T7Ef,=i /. ^"'"^ |Bi-Bi+x'-xi|-2«di 



(2.37) 



(2.38) 
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We split up the right-hand side of (12.380 by /q = /q + I^t-t' Consider the first term. 
Since [s + t\t = s + r, we have 



2T 



-¥r 



62^7 E5=i /i'^"'^ |B?-i3i+x'-x^|-2«dt 



r2T-T ds-iFO 
Jo 2T^ 



.2T7E5.i/onB:+t-i?^+^'-^^'|- 



"di 



(2.39) 



Let ^s = a(Br;0 < r < s, j = 1, ...jN) be the natural filtration of the 3A^-diinensional 
Brownian motion {Bt)t>o- Taking conditional expectation and using the Markov property, 
we see that 



E^ 



2T7E5=i Io \Bl^,-Bi+x^-x^--^^dt 



EO 



E" 

E^- 



~e2T'7E5=l /o" \Bl-Bl+x^-x^\-^^dt' 



We can further compute this as 

= (27rs) 



3JV/2 / g-|s/|V2^]EJ/ ^e2^7E5=l/c^|Sj-B^+x»-xi|-2''dt■ 



dy 



(27rs) 



-3JV/2 / g-ls/P/2^ 



nE°[. 



2T7Ef=i /cT |SH(^+J/)'-(^+J/)^r"''^t 



i=l 



Since |2;| is a Kato-class potential, we see that 



sup ^%P.fl.\Bl+-\-''ds^ = sup ^-[^Plom-'''^^] < oo, 



dy. 



for all /3 G M (see Appendix |X|). From this it follows that 



sup E° 

x,y&? 



.2T7Ef=i Jo" |BH(x+3/)'-(x+3/)^|-='rft' 



< OO. 



In particular. 



r2T-r ^ 



2T7E5=i /?+"'^ \Bl-Bi+x^-x^\-^Odt 



ds 



2T-T 



AT 

nE»[, 



2r7Ef=i Jo" \Bl + [^+yY-{^+yV\-^'dt 



< OO. 



(2.40) 



(2.41) 



Next consider the second term and note that [s + t]t = 2T. In the same way as above, 
we have 



/■2^ 1 r 

J2T-T ^J- L 



2T7Efi=i /?+"'^ |SJ-B^+a;»-x^|-2«dt 



(is 



<^ sup niE^e^ 



2T7Ef=i /o" |Bl + (x+?/)^-(x+?/y|-2«rft' 



< OO. 



(2.42) 



,y^m.- ^^^ 
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Hence by (jTITI) and (p:i2]) we obtain 



N 



1/2 



supE0[e2°^^^(^)]< sup n^°k 



2T7 Ef=i /,; |BJ+(x+y)'-{x+yy |-2«dt 



<oo. (2.43) 



Finally, consider the cases U = Z and U = S . From |Zj'(x)| < CzT and \Se ' {x)\ < 
cT"^ we obtain sup^g^a E[e"^^^('^)] < oo and sup^g]j3 Efe"'^?^^^'^)] < oo. D 



Lemma 2.12 Lei a G R and f,h€ L^(R^). Then 

/(i2;E^[/(5_T)/i(5T)e"^-^^(^=)'^'e"^""] < oo 

JS.3 

for all e > 0. 

Proof. Recall the decomposition 5^'^'^ = S^^ + X^ + y^ + Z^. By the Schwarz inequality 
we have 



dxE^[\f{B^T)hiBT)\e' 



aSr^l 



< / dxE' 



< 



\f{x)h{B2T + x)|e-/o ViB,+x)ds^aiSl^^-' (x)+X,^(x)+y,^{x)+Zj(x)) 



sup E' 



2f^' ViB,+x)ds ^aiSi""'' ix)+XT(x)+YT(x)+ZT{x)) 



e JO 



1/2 



(2.44) 



By Lemma 12.111 and the fact that V is Kato-class, we see that 



supE' 
xe 



g-2/J^^ y(B,+x)d.g2a(S,^"-^(x)+Xj(x)+y,^(x)+Z,^(x)) 

and the lemma follows. 



< oo, 



n 



2.3 Renormalized Hamiltonian 

In this section we show that ffg + g'^Nipi^iO, 0) converges to a self-adjoint operator -ffrcn as 

2.3.1 Convergence of the renormalized action 
Lemma 2.13 Ifa€R, then 



limE' 
£4-0 



^aXTix) _^aX^ix)\ 



0, X £ 



i3N 



(2.45) 



Proof. We obtain that \X^{x)\ < J^'^ Vc{Bl + x^, ...., -Bf + x^)ds and 



E*^ 



^aXT(x) _^aXTix)i 



< 2E' 



^JlTVc{Bl+x\....,B^+x'^)d. 



< OO. 



Since X'[{x) — )• Xq"(x) a.s. for every x, the Lebesgue dominated convergence theorem 
implies ([2^ . D 
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Lemma 2.14 //a G M, then 



lim sup E°[|e°^-^(^) - e'^^oi^)\] = o, U = S^^ ,Y, Z. 



Proof. Let U = Y. It suffices to show that sup^jgRS E° 
have 



E*^ 



MY,^{x)-YoT{x)) _ ^ 



K- 



^2o,(YT{x)-YT(x)) 



^a{Y/ {x)-Y,' (x)) _ ^ 



(2.46) 



0. We 



(2.47) 



We will show below that lini£j_o]E''[e"'-^= ^^' ^o (^))] = 1. Define the random process d^t 
5^t{x) = (<5^1,...,5$f) and 



5^\ = 5^\{x) = 2 J] / [V^e - Vv^om - Bi + 

~\J\t-T]T 



x^ — x^ ,t — s)ds 



so that 



By the Girsanov theorem 



2T 

¥,' (x) - Yq' (x) = I 6'^t{x)dt. 
/o 



1 = ]^O^^af;^^S^fdBt-4lo^ IS'S^tl^dt^ 



(2.48) 



for every a G M, hence it follows that 



sup E' 



^aiYT{x)-Y;f{x)) 



We see that by (12.48P again 



1 ) < sup E° 



,2a/jf^5$fdBt 



E" 



4/o^^i5*,pdi 



supE° 



^2a J^'^ S-Syt-dBt 



and furthermore 



supE° 



l_e-^/o 1^**1'^* 



< sup (E' 

xeM 



< sup E° 



,4a2/o^l'5*tP'i* 



1/2 



a2 /■2^ 
2 io 



|(5^tpdi 



(2.49) 
(2.50) 

(2.51) 



as e 4 0. Here (|2.5ip can be shown by Lemma 12.101 The right-hand side of (j2.50p is 
uniformly bounded in e, which can be proven in the same way as in the proof of Lemma 
12.121 Hence ()2.49p converges to zero as e J, and ()2.46p for U = Y follows. 

Let U = Z. It suffices to show that sup^.g]83 E^ [|e"(^--^o) _ i|] ^ q. We have 



Zsix) - Zo{x) 

N T 

= 2Y, ds 



*j=i 



-»fc-(Bf,+,,^_.+^'-Sj',+,]^_,-xJ) ([s+^]j,_s)<^(fc) 



uoik) 



(3{k)li{k){l-e-'\''\')dk. 
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Let ??e(x) = a{Zf;{x) — Zq{x)). It can be directly seen that 

for a constant c independent of x. Then we have E [e^^^^^'J = 1 + > — E [r/e(x)'^'] and 



n>l 



n! 



■'^— ' n\ ^-^ n! 



n>l 



n>l 



as e I 0, uniformly in x. Thus (j2.46p for [/ = Z follows. For [/ = S"*-*^ we obtain (|2.46|) in 
a similar way. D 



Lemma 2.15 Lei a G M and /, /i G L^{W'). Then 



lim / dxE='[f{B^T)h{BT)e~ J-T 



Z:!^ V(B.)dSgaSf "n 



Jm.3 



(2.52) 



Proof. Write A^ = As{x) = a{Se (x) + Y^{x) + Z'[{x)). Then by shift invariance of 
Brownian motion with respect to the measure dxdP^ and by telescoping we have that 



dxw:-' 



< e^^li^ll- / dx\f{x)\E^ \\h{B2T + x)\ fe^.(-)+"X^'(-) _ ^Ao{x)+aX-i' [x) 



+e 



2T||y|| 



sup (E°[|e^-(^) -e^»(^)|^]EO[e^"^'(^ 
dx\f{x)\E,{x) sup {E^[\e''^^]y^\ 



x& 



1/4 



where E^ix) = {E^[\h{B2T + s)^])^^^ (E^[{e'^^Ti^) _ e°^cr(^))4] j ^ ^^ gj^^^ ^j^^^^. g^^^j^ 

term at the right-hand side converges to zero. Note that both sup^jgjga E'^[e^"''''e ^^'] and 
suPxeRS E'^[e "] are uniformly bounded with respect to e by Lemma [2. Ill In Lemma [2. 141 
it is shown that 

lim sup E°[|e^-(^) - e^«(^)|^] = 0. 

Hence the first term converges to zero. Furthermore, 



2ni/2 



Ee{x) < {E°[\h{B2T + x)\^]y'^ sup E 



^aXT{x) _g«Xo^(x))4 



\l/4 



gl 



l/TIpSTV 



)• 



By LemmaEI3]we have that EO[(e"^-^(^) -e^^cT^^))^] ^ as e i 0, for all x G M^^. Hence 
the Lebesgue dominated convergence theorem implies that the second term converges to 
zero, and the lemma follows. D 
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Lemma 2.16 It follows that 

lim(/ ® 1, e-mH.+g'N^.m)h^ t)= [ W \j{B:7)h{BT)e- f-r yiBs)ds^4s^'^- 

where 



dx, 
(2.53) 



N „r 



N „T 



Sr = 2 ^ / MBi - Bi,0)ds + 2 ^ / ds f VMBi - Bi,t - s) ■ dBt 

(2.54) 
^^P{k)li{k)dk andV^o{X,t) = 



-lY, I MB't - Bi,T - s)ds, 



«J=i 



and integrands are given by ipo{X,t) = J^s ^—^ " a^'-mi 



Proof. We have 

(/»l,e-2^(^-'+5'^^^(0'0))/i^ll) 



E'' 



f{B-T)h{BT)e^ ^-T'^'''>''%^ 



f^^V{B,)ds^S_si-- 



dx. (2.55) 



The right-hand side above converges to Jj^a E^[/(i?_T)^(-Br)e~-^-^ ^ "' ^e^^o''^]dx as 
e I 0. Thus (IX^ fohows. We also see that 

N r-T N j-T [■[s+t]t 

Sr = ^Y. ^o(^^ - ^- 0)^« + 2 E / '^W ^'^o(^* -Blt-s)- dBt 

-2Y, [ MBl^,^^-Bi,[s + T]T-s)ds. (2.56) 



T 



Taking r = T, we obtain (|2.54|) . 

2.3.2 Extension beyond the vacuum vector 



D 



Now we extend the result in Section 12.3.11 from vectors of the form / (8) 1 to more general 
vectors of the form / (g) F{((){fi), . . . ,(p{fn))t, with F G =5^(]R'^), where (p{f) stands for 

a scalar field given by -y=[a*{f) + a{f)), where f{k) = f{—k). To do this we need a 

Feynman-Kac-type formula giving a representation of e~ " . 
Denote 

/7_fc(M") = {/ G yiiW^) I / G LL(1R"), I • r'/'/ e L\W')] 



endowed with the norm llfllt 



\H (R") ~ / 1/(^)1 1^1 "'^^- Recall that a Euclidean field 
is a family of Gaussian random variables {(/)e(-F'), F G i/_i(M^)} on a probability space 
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(Qej^Ej^e)] such that the map F i— )■ (pEiF) is hnear, and their mean and covariance are 
given by 

E^^[MF)] = and K^^[MF)MG)] = ^(i^, G)^_^(k4). 

For the reader's convenience we summarize in Appendix [B] some basic facts on Euchdean 
fields and their representation in L^ space (including the operators Jt : c!^ ^- L'^{Qe', fJ-E)), 
which will be used here. In what follows, we identify J^ with the set of ^-valued L^ 
functions L^(]R^^;^), i.e., F G Jf can be regarded as a function R^^ 3 x ^^ F{x) G ^ 
such that Jjg3jv ||F(x)||^(ix < oo. 

Proposition 2.17 Let F,G e Jif. Then 
(F,e-2^^^G) 



dxE"" 



- i^T yiBs)ds-^ 



ME 



J^tF{B_t) ■ e-<^E(/-TEf=i'5.®^(-B^)d.) j^g^^^y 



(2.57) 



where (pdx) = (e ^I'l /"^tj^/ y/uj\ {x), and 5s{x) = 5{x — s) is Dirac delta distribution 
with mass on s. 



Proof. See [LHBIH Theorem 6.3]. D 

Lemma 2.18 Let pj G H^i/2{M.^) for j = 1,2, f,he L^{M.^^) and a,/3 G C. The 



len 



lim(/ O e"'^(pi)ll,e-2^(^-+3'^^-(o,o));^ ^ e^'^^P'H) 

e4,0 

= / E-[7(B::^/i(i?T)e-^-^^(^^)'^^e^^S^"+i« 



dx, 



(2.58) 



where 



^ = ao) = a^Pi/V^f + I3^p2/M\^ + 2a/3(pi/^,e^2T.p2/V^) 

+ 2agy r ds [ dk^0=li{k)e-^'-^^'^^'^h-^''^i 
~{ J-T Jm? y/u}{k) 



N „T 



i=i 



Mk) 



+ 2f3gY, ds dk^^li{k)e 



R3 yjijj{k) 



-\s+T\uj{k) ^-ikBi 



Proof. By the functional integral representation (j2.57p we have 

(/ ® e'^^^P^H, e-mH.WN^Aomh^ e^'^^P^h) = [ dxE^ \f{B^T)HBT)e- ^~T ^(s.)d« 

It can be directly seen that 

E 



X E \Q<^<t>E{S-T®Pl)Q^<f>E(ST'S)p2)Q9(l>Ei-T.f=lI-T^o'^'^s(--^i)'^^)] 



^PE 



^a<^B(<5_T®pi) /30i5(<5T®P2) 90i5(-Eiii/5r5s®<^£(— B^)ds) 



^-2Tg^Nv,{0,0) ^g^5f°+i?,^ 
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where ^^ is defined by ^ with Ti/^{k) replaced by 11y\^(/c)e '^''^1 '^. Thus 



f{B^T)h{BT)e 



-/^yy(B.)d. ^5r+k. 



e 2 



Notice that with a constant C we have ^^e < C uniformly in the paths and e > 0. Hence 
we can complete the proof of the lemma in a similar way to Lemma 12. 161 D 

Consider the dense subspace ^ of Jif given by 

& = L.H. {/ ® 1 1 / G L'^iW^^)} U 

{/ ® Fi<p{h), ..., </.(/„))]l I F G ^(M"), /, G Co^(M3), 1 < j < n, n G N, / G ^^(mS^)} 

By Lemma 12.181 the next result is immediate. 

Lemma 2.19 Let <^ = f ® F{(p{ui), . . . , 4>{un))l, ^ = /i G{<j){vi), ..., (^^'(fm))! G ^. 
T/ien 



lim(cl.,e-2^(^^+^'^^^(0'°))^) = (27r)-("+™)/2 / dKidK2F{K^)G{K2) 

£4,0 yjjn+m 



X / dxE^ 



(2.59) 



where 



i{Ki,K2) = -\\Ki ■ u/^r - \\K2 ■ v/V^r - 2(i^i • u/^, e-''^K2 • v/,/Z^) 

N ^T 

' ' ""^■"^"^Tli(fc)e-l^-^l-('='e 



-2igy^ ds dk \ - 1 

+ 2^gy r ds [ dk^Ml 



(j^-^^-\s-T\uj(k)^-ikBi 

f^{k)e 



i-(i^\„~\s+T\uj{k)~ikBl 



andu = {ui,...,Un), V = {vi,...,Vm)- 

Proof. Notice that F{(j){fi), ..., (p{fn))t = (27r)-'^/2 /j^„ F{K)e''f'(^-fHdK. Hence 

-i— - fdKidK2F{K^)G{K2)U ® ^~^<t>{K.-f)^^^~2T{H^WN^M0))^ ^ ^-i^^K,.h)^y 



(27r)(^ 



Thus the statement follows from Lemma 12.181 



D 
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2.3.3 Uniform lower bound 



In this section we show a crucial lower bound on Hf, + g'^Nip^^O, 0) uniform in e > 0, and 
give the proof of Theorem 12.21 



(2.60) 



Corollary 2.20 There exists a constant C independent of e such that 



! dxW'[f{B^T)KB- 

Jm.3 



■^)e-/-",V(B.)ds^5r"j<^||^||||^| 



for every f,h€ L (R'^) and e > 0, and 



C< sup fE^[e-2lo^yiBs+x)ds^2iS?°-^ix)+X^(x)+Y^T(x)+Zf{x))A 



1/2 



xeiRS 



Proof. This is directly derived from (j2.44p . 



(2.61) 

n 



Corollary 2.21 There exists C G M such that Hs+g^N(ps{0,0) > C, uniformly in e > 0. 

Proof. In this proof the positive constants aj, bj will be understood to be independent 
of both e > and T. It is straightforward to see that 

EO[e^?°'"(-)] < aie^i^ and EO[e^"(-)] < a^e"'^ . 

By (12:35]) and (fZiSJl we also have 

sup E°[e^-^(^)] < ase''^^ and sup E°[e^^^'-''^] < a^e^*^^ . 

x£R^ x£R^ 

Here we used Proposition IA.3I in Appendix |Al Since 



E'- 



2(5,""-^{x)+X,^(x)+y,^{x)+Z,^(x)) 



< E' 



rO 



.4S?°'^{x) 



1/2, 



E" 



,8XTix) 



iM 



E"- 



,WY,^(x) 



1/8, 



E*- 



.32ZT[x) 



1/16 



there exist constants 05 and 65 such that 



E"^ 



^2(S?°'^ix)+Xfix)+YT[x)+ZTix)) 



1/2 



< ose' 



br,T 



(2.62) 



for all T > 0. Consider the function 



N 



W{x\...,x^) = Y,W\^- 
i=i 

We denote H^ with V replaced by 6W by He{6), for 5>0. Then -i J2f=i ^j + SW, <5 > 0, 
has a compact resolvent, which implies that H^{5) for (5 > has the unique ground state 
^g((5) by |Spo98][G"er00j . see Remark [2:22] below. By the Feynman-Kac formula (|2.57p we 
see that e^'^^ is positivity improving for e > 0, i.e., (F,e~^^^('^)G) > for F,G e J^ 
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such that F, G > 0. Hence it fohows that ^g(5) > 0. In particular, (/ (g) 1, ^g{5)) / 0, for 
every < / G L'^(R^^), where / ^ 0. Thus 



mia{He{S)+g^Nipe{0,0))=- hm ^log{f ^ l,e-^^^^^^^+3'^^^^^'^^'> f ^ 1), (2.63) 



for every < / G L'^{R^^). By (l2:60]l and ([MID, 



< 



2 sup E° 



g2(5?°'^(x)+Xj(a;)+i;^(x)+Zj{x)) 



1/2 



< ll/f ase^^^, 



which imphes, together with (j2.63p . that 



mfa{He{6) + g^N^e{0,0)) + ^>0, 6 > 0. 



Note that 65 is independent of 6. Thus 

|(F,e-2^(^^(^)+5'^'^^(°'°))G)| < ||F||||G||e^5T 
follows for every 6 > 0. Let F,G £ M' . By the Feynman-Kac formula (j2.57p we have 



(2.64) 
(2.65) 



dx& 



-flTSW{Bs)dSr, 



^ME 



J.tF(B^t) ■ e" 



</>B(/5TEf=l5s®^(-B|)d^) 



JtG{Bt] 



The Lebesgue dominated convergence theorem furthermore implies 



lim(F Q-'^nHe{S)WN^,{Qfl))Q-. ^ c_p ^-2T{H,(0)WN^,{Qfl))Q) 



Taking the limit (5 J, on both sides of (|2.65p , we have 

|(F,e"^^(^"(°)+^'^'^=(°'°^)G)| < ||F||||G||e*5^. 



(2.66) 



This implies that (jTMj) also holds for 5 = 0. Since He = Hs{0) + V and V is bounded, 
we obtain 



mia{He + g^Nipe{0,0)) + ^ + ||y||oo > 0. 



Setting G = — -|- — ||y||oo yields the corollary. 



D 



Remark 2.22 Let S be the infimum of the essential spectrum of the self-ajoint operator 

-|_^i Aj + y in L2(M3iV) g^j^^ ^ ^ inf CT(-i ^j^i A^ + V). Then it can be shown in 
|Spo98| by using functional integrations that H^ has a unique ground state if 



T,-E> 



N^ 



-s\kf 



/3{k)li{k)dk 



(see also |LHB1H Theorem 6.6]). In particular, in the case of V{x^, ...,x ) = 6"^,^^ \x-'\'^, 
the operator H^ has a unique ground state for every e > and 6 > 0, since T, — E = 00. 
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Now we can complete the proof of the main theorem. 

Proof of TheoremlKE Let F, G G Jf and Cs{F, G) = (F, Q-tiHeWN^e{Ofl))Qy By Lemma 
12.181 we obtain that Cs{F, G) is convergent as e J, 0, for every F,G £ &. By the uniform 
bound 

u-t{H,+g^N<fi,iO,0))u ^Q-tC 



obtained from Corollary 12.211 and since & is dense in ,J^, it follows that {Gs{F,G)}c 
is a Cauchy sequence for F,G e Jf. Let Gq{F,G) = lim.^iQGe{F,G). Hence we get 
|Co(-F, G)| < e~**^||-F||||G||. The Riesz theorem implies that there exists a bounded opera- 
tor Tt such that 

Go{F,G) = {F,TtG), F,GeJr. 

Thus s— lim^ioe"*'^^^ J^fEiOfi)) — f^ follows. Furthermore, we also have that 

s-lime"*(^^+^'^^"(°'°))e"^(^^+3'^^^(°'°)) = s-lime"(*+'')(^"+5'^^^(°'°)) = Tt+s- 

Since the left-hand side above is TtTg^ the semigroup property of Tt follows. Since 
Q-t(He+g N(pe(0,0)) jg g^ symmetric semigroup, Tt is also symmetric. By the functional inte- 
gral representation ()2.59p the functional (F, TjG) is continuous at t = for every F,G £ ^. 
Given that & is in J^ and ||Ti|| is uniformly bounded in a neighborhood of t = 0, it also 
follows that Tt is strongly continuous at t = 0. Then the semigroup version of Stone's 
theorem [LHBIH Proposition 3.26] implies that there exists a self-adjoint operator H^cn, 
bounded from below, such that Tt = e~*^'^'=", t > 0. The proof is completed by setting 
E, = -g^Nipe{0,0). D 

We established the existence of the renormalized Hamiltonian -fTren- We can obtain 
explicitly the pair potential associated with i/rcn- 

2 

Corollary 2.23 The pair potential associated with -fTron "is given by ^Sff^. 
Proof. By Lemma [2.16l we see that 

(/ (S> 1, e-2^^'-/i ^ 1) = / dxE'' f{B^T)h{BT)e- ^-t V(Bs)ds^slsr . (2.67) 

Jm.3 I J 

D 



3 Effective potential in the weak coupling limit 

In this section we take the cutoff function to be 

ipeik) = (2^)-3/2e--l^lV2. 

We consider the following weak coupling limit of the Hamiltonian. In order to have a 
physically reasonable effective potential, we take the dispersion relation 



OJ,{k) = yWT^^ 
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with positive mass u > instead of uj{k) = \k\, and set the IR cutoff to zero. Then the 
Hamiltonian is defined on L'^{]R. ) ® ^ and given by 

where Hp = X^j=i(— ^Aj) + V{xi, ..., xn) denotes the A^-body Schrodinger operator, and 

Hf=[ uj^{k)a*{k)a{k)dk 



is the free massive boson field. We scale the Hamiltonian by replacing the annihilation 
operator a and the creation operator a* by na and Ka*, respectively, where k > is the 
scaling parameter. Then Hf, changes to 

H^{K)=Hp®l + K^l®Hi + KHi. (3.1) 

This scaling also implies the transformations u i— t- k^oj and (p i— t- k^(^, while the energy 
renormalization term scales as 

EJk) = -g^N / -^-^^ 77T^5 77^ — --:7—dk. (3.2) 

By Theorem 12.21 there exists a self-adjoint operator Hj.f,^{K) such that 

lim(/ <S) ll,e^*(^^(^)--^=(''))/i«) 1) = (/ 1^ ll,e^*-f^-"('')/i <S) 1). (3.3) 

£4-0 

The next proposition is established in |Dav79tlHir99] . 

Proposition 3.1 We have 

s-lim lim e-*(^-W~-^-W) = e'^^-^ ® Pn, 

slO K-s>oo 



where Pn denotes the projection to {zl\ z £ C} C c!^ and 

1 ^ 2 



1 -" „2 „—u\xi—xA 



We are now interested in the scaling limit of Hy-cn{K) when k — )• oo. By Theorem [27 
we see that 

Lemma 3.2 If f,he L^{R^), then 

lim (/ (g) 1, e"*^-" ('^) /i(g) 1) = (/, e"*''-*! h). (3.4) 

Proof. By Lemma [2.18l we have 



(/ (g> 1, e"2^^-"('^)/i 1) = / dxE^ f{B-T)h{BT)e- ^-t yiB,)'i%4srM 



(3.5) 
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where 



N T^ N 'T' T' 

Sr{K) = 2Y,f MBi-Bi,Q,K)ds + 2Y, I ds I V^Bt - Bs,t - s,k 






TV T 

2^ / (Po{Bt- Bs,T - s,K)ds, 



and 



V9o(x,t,K) 



ik-x —K?'i^{k')\t\ 



e e 



(27r)3 7^3 2uj{k) K^uj{k) + |fc|V2 

In particular, for t = we have 



^ 2 g-i/|x'-xi| 



«7^i 



47r ■^^ X* — x3\ 

Kj 



and for t / 0, 

|V^o(^,t,'^)| ^0, |(^o(^,t,'t)| ^0 

pointwise as «: — )■ oo. It can be shown in the same way as in Lemma 12.161 that 

hm [ dxK^ \j{B^)h{BT)e- ^~t ViB.)ds^4sri^) 
'^^°° Jm.3 I 



dxE^ 



f{B_T)h{BT)e-^-T^^'''^''%'- ^'^' ^-^ \Bl-Bi 



7r '^^2<J J — 



-ds 



This completes the proof of the corollary. 

Corollary 3.3 If F,G e &, then 

lim (F,e-*-^--™(^)G) = {F, e'^'^-f ^ PnG) . 

Proof. This follows from Lemmas 12.181 and I 



dBt 



(3.6) 



li{k)dk. (3.7) 



n 

(3.8) 

n 



A Kato-class potentials 

We say that V G J^d whenever 



hm sup E"^ 



t\ViB, 
Jo 



Ids 



0. 



(A.l) 



The space Jtd is Kato-class (relative to the Laplacian) of potentials y : M — )• M. For 
details on Kato-class potentials we refer to [LHBlll Chapter 3.3] and |AS82l [CFKS08] . 
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Proposition A.l If V G J^d, then W{x) = Yli=^j^i^^ ~ ^^) ^ -^dN , with the notation 

x = {x^,...,x^) eW^^ . 

For a proof we refer e.g. to |CFKS08l p. 7]. An equivalent characterization of Kato-class 
potentials is as follows. V G J(fd if and only if 



lim sup / \g{x — y)V {y)\dy = Q with g{x) = I — log|x| d = 2 (A. 2) 

J\x-v\<r l^|2-d J \ Q 



l^l d = 1 

— log|x| d = 2 

^^^ xeM.'^ J\x-y\<r I U|2-rf d>2) 

From this characterization we have the following result. 
Proposition A. 2 If V G J(fd, then sup^^^d J^d \g{x — y)V{y)\dy < oo. 

Examples of Kato-class potentials include (1) Ixj^^^^^-* with d = 3 for any e > 0, (2) 
V e LP{W^) + L°°(R'^) with p = 1 for d = 1, and p > d/2 for d > 2. It is also known that 
the function e-'o ^(^s)"'* of Brownian motion is integrable with respect to Wiener measure 
for a Kato-class potential V. 

Proposition A. 3 Let <V € .J^d- Then there exist /3,7 > such that 

sup E^[ei'o ^(«=)'^^] < y/3. (A.3) 



In "particular, ifVG LP{M ) with p = 1 for d= 1, and p > d/2 for d > 2, then there exists 
C such that /3 < C||y||p. 

Proof. See [LHBllI Lemma 3.38]. D 



B Schrodinger representation and Euclidean field 

It is well known that the boson Fock space c^ is unitary equivalent to L^{Q, fJ-), where this 
space consists of square integrable functions on a probability space {Q,T,,fi). Consider 
the family of Gaussian random variables {(poif)^ f S H_i/2{^^)} on {Q,Ti,fi) such that 
4>o{f) is linear in / G II_ii2{^), and their mean and covariance are given by 



MMf)\ = and E^[</.o(/).^o(5)] = \u,9)H,,/,{^^y 

Given this space, the Fock vacuum 1^ is unitary equivalent to ^l^[q) £ L'^iQ), and the 
scalar field (f){f) is unitary equivalent to 4>o{f) as operators, i.e., 4>oif) is regarded as 
multiplication by (poif)- Then the linear hull of the vectors given by the Wick products 
: Hfci 4'oUj) '■ is dense in L'^{Q), where recall that Wick product is recursively defined by 

: Mf) ■■ = Mf) 

n n ^ n n 

■■ MDU'f'oifj) ■■ = Mf) --llMfj) ■■ "2 E(/'/^)^-i/2(M3) -.llMfj) ■■ 
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This allows to identify ,'^ and L^(Q), which we have done in (j2.57p . i.e., F G ,^ can be 
regarded as a function M^^ 9 a; i— ;• F(x) € Li^iQ) such that Jjgsjv ||-F(a;)||^2cr))'^^ < oo- 

To construct a Feynman-Kac-type representation we use a Euclidean field. Consider 
the family of Gaussian random variables {(f)-E,{F), F S //_i(R^)} with mean and covariance 



^i.E[MF)]=^ and ¥.^^[MF)MG)] = ^{F,G)h_ 



on a chosen probability space {Qe,^e, tJ-E)- Note that for / G i/_]^/2(l^^) the relations 



6t^feH^i{R^) and ||(5i «> /||h_i(r4) 



H_ 



1/2 



hold, where 5t(x) = 5{x — t) is Dirac delta distribution with mass on t. The family of 
identities used in (j2.57p is then given by Jt : L'^iQ) — )• L'^{Qe), t £ W, defined by the 
relations 

m m 

Jt'^L^Q) = 1l2(Qjj) and Jt: J^ 0(/,) : = : H "^^l^t ® /j) : 

Under the identification ^ ^ L2(Q) it follows that {JtF,JsG)L2(^Q^) = (F,e^l*-^l^fG)^ 
for F,G £ ^ . For an extensive discussion of the details we refer to [LHBllt Chapter 5]. 
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